Numerical Study of Chaos Based on a Shell Model by M. Yagi et al.
§23. Numerical Study of Chaos Based on a 
Shell Model 
Yagi, M., Itoh, S.-1. (Kyushu Univ .) 
Fukuyama, A. (Okayama Univ .) 
Itoh, K. 
The chaos is numerically studied based on a 
shell model. We extend a shell model which is 
reduced from Navier-Stokes equation and 
temperature evolution equation by introducing 
Rayleigh-Taylor instability. Normalized shell 
model is expressed in Fourier space as 
where * represents the complex conjugate, n=1, . 
.. , N, number of each shell, un, the fluctuating 
velocity, en, the fluctuating temperature, kn=ko2n·l, 
the wavenumber, P,, the Prandtl number, Ra, the 
Rayleigh number. The coefficients are given by 
and 
b 1 = bN = c1 = c2 =aN-t= aN= e1 =eN= 0, 
gl = g2 = hN- 1 = hN = 0. 
The evolution of total energy are described as 
where 
E = ~~. I un 12 + tt. I en 12• 
(4) 
(5) 
Bulirsh-Stoer(BS) method is used for numerical 
246 
integration of ordinary differential equations (1) 
and (2). Integration of time is performed from 
t= t0 tot= t0 + h with time step h= 1 o-5 and an accuracy 
of numerical integration £. We use the following 
parameters: k0=10-
2
, P,=1, Ra=1rf, N=20 for 
calculations. 
Figure 1 shows the time evolution of total energy. 
Four cases are calculated for the same parameters, 
changing the accuracy of numerical integrations, 
i.e., £=10-3,10-4,10-5 and 10-6, respectively. For 
t<0.1, the energy evolves according to the linear 
growth. In this phase, four cases agree well. 
However, the difference becomes noticeable for 
t>0.1. This is because a small noise due to the 
truncation error grows in accordance with the 
nonlinear development of the turbulence mode 
whose contribution becomes almost the same 
magnitude of the fluctuation itself, which shows 
chaotic nature as a result. It is found that the mean 
value of total energy agree with each other within 
,...,20% for various accuracies of numerical 
integration. 
Next, we calculate the instantaneous maximum 
Lyapunov exponent for various accuracies. The 
instantaneous maximum Lyapunov exponent tends 
to converge the maximum Lyapunov exponent. It 
agrees with each other within3%. We also calculate 
the maximum Lyapunov exponent for the same 
parameters, changing the driver for the numerical 
integration. Runge-Kutta(RK) with adaptive 
stepsize control is use for comparison. The 
maximum Lyapunov exponent calculated by both 
BS and RK methods in the range£= 1 o-3 -1 o-6 agrees 
with each otherwithin5%. Therefore the maximum 
L yapunov exponent seems to be a good index of 
benchmark test of the code with chaotic nature. 
This study is performed by using the SX-4 super 
computer at NIFS. 
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Fig.l. Time evolution of total energy. 
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